Popper's original thought experiment probed some fundamental and subtle rules of quantum mechanics. Two experiments have directly and indirectly tested Popper's hypothesis, but they seem to give contrasting results. The equations governing these two experiments and Popper's thought experiment will be derived from basic quantum principles. The experimental constants will be inputted and it will show that the two experiments agree with each other and with quantum theory.
INTRODUCTION
Karl Popper posed an interesting thought experiment in 1934 [1] . With it, he meant to question the completeness of quantum mechanics (QM). He claimed, in the same way that Einstein, Podolsky and Rosen did [9] , that the notion of quantum entanglement leads to absurd scenarios that cannot be true in real life and that an implementation of his thought experiment would not give the results that QM predicts. Unfortunately for Popper, it has taken until recently to perform experiments that test his claims. However, the results of the experiments do not refute QM as Popper predicted, but neither do they confirm what Popper claimed QM predicted.
In 1999 Kim and Shih implemented Popper's thought experiment in the lab [2] . The experiment, while well done with clear results, was not able to answer all questions and has instigated many interpretations [4] [5] [6] of the results. The results show some correlation between entangled photons, but not in the way that Popper thought, nor in the way a simple application of QM might predict. A different experiment on ghost-imaging done in 1995 by Strekalov, et al. [3] sheds light on the physics behind Popper's thought experiment and the results found by Kim and Shih, but does not try to directly test Popper's thought experiment. These two experiments are similar, but give different and unexplained results.
I will use QM to build the physics of Popper's thought experiment from the ground up and show how the results of both of these experiments agree with each other and the theory of QM.
POPPER'S THOUGHT EXPERIMENT
Popper proposed an experiment ( Fig. 1 ) in which two photons entangled in position and momentum were sent in opposite directions [1] . The photon on the left passes through a slit. The result of many of those photons passing through the slit would produce an interference pattern on a screen behind the slit. This is the well-understood single slit diffraction experiment. The action of the slit can be thought of as a measurement of the y L position of the photon. The diffraction of the photon can be thought of as a direct consequence of Heisenberg's uncertainty principle. Since the photon's y L position was measured, then it's momentum p L is uncertain. Now, since we are dealing with an entangled source, Popper The source emits a pair of momentum entangled photons in opposite directions. The photon on the left encounters a slit that causes diffraction. The "ghost" slit is the theoretical slit that Popper and others think exist due to the action of the real slit on the left. claimed that QM tells us that if one photon's position is measured, then the other photon's position y R is also known. Therefore, Popper argued the momentum p R of the other photon must also be uncertain even though it did not pass through a slit. Then, according to Popper, this photon too, when measured over many trials, should produce an identical interference pattern (Fig. 2 ) compared to the photon that passes through the real slit.
Popper did not think that this would happen in an experiment. He thought that this sort of instantaneous action at a distance was incorrect. He argued that the diffraction of the right side photon by a ghost slit is what the theory of quantum mechanics predicts, but when the experiment was performed, no diffraction of the undisturbed photon would appear and this would therefore prove that QM is wrong or at least incomplete. The analysis of the following two experiments below will eventually show that Popper's qualms with QM are unfounded.
KIM AND SHIH'S EXPERIMENT
Kim and Shih's experiment [2] tried to directly set up and run Popper's original thought experiment. They used a source of spontaneous parametric down conversion (SPDC) photons and sent one half through a slit and then a lens to collect all the photons that made it through the slit. On the other side, they scanned the y-axis for coincidence counts (Fig. 3) .
The difference between this experiment and Popper's original thought experiment is that all the photons on the left side are collected through a lens and sent to one detector and the photons on the right are scanned in the y axis instead of landing on some sort of screen.
The lens should have no bearing on what we see from the detector on the right, since the photon on the left still traveled through the real slit.
What Kim and Shih found is that the momentum distribution of the photon passing through the ghost slit is less than the the spread in momentum due to a real slit, and also less than the original momentum distribution from the SPDC source (Fig. 4) . This The inequality,
, can be true. While this is a true statement, it cannot be used to get around the apparent problem brought out by the data in Kim and Shih's paper. In the end we are measuring the momentum of each photon, not their sum.
GHOST IMAGING EXPERIMENT
The experiment by Strekalov, et al. [3] , was not meant to be a direct test of Popper's experiment. It was designed to observe ghost imaging using SPDC photons. It does, however, give a great deal of insight into Popper's experiment.
The experiment is setup in much the same way as Kim and Shih's. A SPDC source sends entangled photons in opposite directions. On one side there is a slit and on the other there is not. This experiment differs from Kim and Shih's in that both sides are scanned on the y-axis. In Kim and Shih's experiment, all the photons that passed through the slit were collected and detected, whereas in the experiment by Strekalov, et al., there is no lens to collect all the photons and the detector is free to scan the y-axis exactly like the detector behind the ghost slit.
The results of the Strekalov, et al. experiment are strikingly different from Kim and Shih's. When the detector behind the real slit is kept stationary and the detector behind the ghost slit is scanned, a single slit interference pattern was observed (Fig. 6 ) in coincidence displaced from the center of the y-axis, the single slit interference pattern behind the ghost slit was also displaced, but in the opposite direction. Also, the width between the fringes was dependent on the distance between the real slit and the detector behind the ghost slit, a distance they labeled as z 2 (Fig. 5) .
The dependence of the fringe width on the distance z 2 is interesting. As Tittel, et al. have
shown [7] , entanglement is valid over extremely long distances. If one entangled photon is measured to have a certain momentum then we know exactly the other photon's momentum, regardless of the distance between them. It does not matter how far away two entangled particles are, their correlations are still exact. So, the importance of this distance z 2 in Popper's experiment raises interesting questions that will be addressed in a later paper.
It deserves to be investigated whether this is an artifact of this particular experiment or something more fundamental.
ANALYSIS OF POPPER'S EXPERIMENT
In the following analysis the z component, the axis perpendicular to the slit, of position and momentum will be ignored since it holds no surprises and does not contribute to the analysis. In the simplest case, plane waves with wave functions that are spread about the entire two dimensional space would be used. It is more instructive to use a more real world starting point for the wave function from the SPDC. We could start with a real life SPDC wave function, but the complexity either does not add to the analysis or reduces to the following wave function. I will start with a Gaussian distribution wave function describing a momentum entangled pair of photons traveling in opposite directions. To get the position representation of the wave function one starts by taking a Fourier transform of the momentum wave function.
Where both photons have equal and opposite momentum p, F is a Fourier transform, a is the width of the Gaussian packet, y L , y R are the left and right components of position of the two photons and N is the normalization, which will be dropped from further equations,.
The detectors are far away enough from the slit that we can use the far-field Fraunhofer approximation to find what action the slit has on the wave function after it passed through.
The slit is taken to be a box function (Π(
, or the sum of two step functions, of width d.
The probability amplitude in momentum space, Φ(p R , p L ), follows.
Where p L and p R are the inferred momentum and are functions of the slit width, wavelength, distance from the slit and position of the detector. Note that the presence of a Gaussian in equation (2), with the original SPDC source beam's width, shows that the spread in momentum due to a ghost slit can never be greater than the original momentum spread of the SPDC source. If this were not so, then one could signal faster than light (FTL)
just by changing the real slit width and watching for a y momentum spread change in the right side detector. It should also be noted that only when an observer has the coincidence information from both sides of the experiment can any correlation can be seen. This can be shown by finding the marginal probability distributions. These show the probability densities for an observer on one side when they have no information about the other side. is dependent on the aforementioned distance z 2 from the real slit to the detector behind the ghost slit. But if we stay with the notion of a ghost slit, then one would assume the probability distribution behind the ghost slit would only depend on the distance from the ghost slit to the detector and on the width of the ghost slit. This is not the case.
RESOLUTION OF THE TWO EXPERIMENTS

Bi-Photon
The problem comes from having assumed that the ghost slit is placed at a certain position; Since we are abandoning the notion of a ghost slit, the distance between the ghost slit and the detector on the right is not a number that can be used. The momentum vectors of both sides need to have their origin at the real slit. Figure 7 shows that the angle, A ′ , referenced from the ghost slit will be larger than the angle, A, referenced from the real slit. The translation has the effect on the right side of extending the distance z 1 that is normally seen in the distributions of single slit interference patterns to the much larger distance z 2 that runs from the plane of the real slit to the plane of the detector behind the ghost slit.
Then the probability amplitude at the detector on the right is:
The two Experiments Resolved
Equation 5 gives us all the results that the experiment by Strekalov, et al. measured (Fig.   9 ). Note that this theoretical figure is normalized by probability rather than coincidence counts as is the case for the figure of experimental results (Fig. 6) . One can see that the probability for detecting photons when the left detector is displaced from the large central peak is much less.
Kim and Shih's results are a little more mysterious. Kim and Shih found that the width of the distribution after the ghost slit was less then the original beam width and less than the width of the single slit interference pattern of a real slit at the ghost slit's position.
This does not agree with the assumption that the ghost slit will cause an increase in the momentum spread. It also does not seem to agree with Strekelov's result that indicates the Only detection events in which detectors fired in coincidence are reported.
width will be that of single slit interference pattern, augmented by the distance z 2 between the detector behind the ghost slit and the real slit. The key to understanding Kim and Shih's results is to realize that the only substantial difference between their experiment and Strekelov's experiment is that all of the photons were collected after the real slit. They, in effect, took a weighted average of all the photons that passed through the slit. With the weighting function, W (y R , y L ), being that of a single slit interference pattern. So if we multiply the probability amplitude of joint detection by the weighting function and then integrate over all the detected photons that came through the left slit, we get the counting rate, R(y R ) that Kim and Shih measured in their experiment:
And if we insert the values that Kim and Shih used in their experiment we get figure 11; where the red line on the outside is what one would get for single slit diffraction at a real incomplete and that an experiment would not show spooky action at a distance at a ghost slit. He was right about the ghost slit, but wrong about QM. Assuming that the photon on the right that does not pass through the slit is still measured at a ghost slit is incorrect. No measurement of the z component of the wave function was made, so placing a ghost slit at a specific place on the z axis should not be done. Being able to show that the two different experimental results come from the same QM principles gives credence to this conclusion.
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